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Approximated computation of atomic three- and  

four-electron integrals over B-splines

Abstract

Approximated computational methods of atomic three- and four-electron integrals over B-splines 

which appear in Hylleraas-CI calculations are presented. The present methods represent the 

three- and four-electron integrals to sums of products of two-electron integrals over the B-splines. 

Comparison of the three- and four-electron integral values computed using the approximated 

methods with those given by Ruiz [J. Math. Chem. 46, 24 (2009) and J. Math. Chem. 46, 1322 

(2009).] showed relative errors of ~10–14.

1. INTRODUCTION

In quantum mechanical calculations for atomic systems, atomic orbitals are usually expanded with 

the appropriate basis functions. The most commonly used basis functions is Slater-type functions 

(STFs) and Gaussian-type functions (GTFs). Unfortunately, their linear dependence sometimes 

disturbs the calculations. The use of B-splines1,2 can avoid this problem. The B-splines of order K 

{Bi,K(r)} are piecewise polynomials of degree K-1 on a knot sequence in a cavity of radius R. The knot 

sequence {ti} is a set of points defined on an interval [0, R]. Bi,K(r) is nonzero in the interval [ti, ti+K). 

The advantage of B-splines is that they are very flexible and are relatively free from computational 

linear dependence. It is possible to apply a common B-spline set to all atoms, irrespective of orbital 

symmetry, without loss of accuracy. Atomic calculations with B-splines yield highly accurate energies 

and properties3-5. Therefore, the development of the atomic calculation method with B-splines is very 

interesting and important.

To calculate accurate atomic properties, one must calculate wave functions which are considered 
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electron correlation effects. There are various computational methods for dealing with such the wave 

functions. In particular, the configuration interaction (CI) method is extensively used. A CI wave 

function is expressed with a linear combination of configurations state functions (CSFs). Although 

the CI method can easily account for static correlation effects, it is poor at accounting for dynamic 

correlation effects. To effectively consider the dynamic correlation effects, wave functions must 

include explicitly inter-electronic distances (rij). Hylleraas-type method6 is one of the methods 

and gives highly accurate energy of two-electron atoms7. Unfortunately, it is difficult to apply the 

Hylleraas-type method to many-electronic atoms because many-electron integrals are required. The 

many-electron integral for the N-electronic atom is generally written as

⋯ dr1dr2⋯drN A(r1)B(r2)⋯C(rN)rS
12 r

t
13⋯ru

N – 1N A'(r1 ) B'(r2 )⋯C'(rN), (1)

where A, B, C, ⋯ are atomic functions. The many-electron integrals of many-electronic atoms are 

expressed in complicated formulas, which are generally difficult to calculate. There is a method that 

retains the advantages of the Hylleraas-type method and reduces many-electron integrals. This is the 

method combined the Hylleraas-type method and the CI method, and is called Hylleraas-CI method.8 

The Hylleraas-CI method usually deals with wave functions expanded in configurations containing 

at most one rs
ij. Therefore, the Hylleraas-CI method requires only up to four-electron integrals, even 

for atoms with more than four electrons. The Hylleraas-CI method was first applied by Sims and 

Hagstrom to the Be atom.8

The three-electron integrals9-15 and four-electron integrals9,16,17 over STFs have been formulated 

by various authors. The formulas for the three- and four-electron integrals are complicated and 

computationally loaded. This remains true for the integrals over the B-splines. However, it is possible 

to avoid this computational difficulty using an approximated computational method of many-electron 

integrals proposed by Kutzelnigg and Klopper18. Their method approximates a many-electron 

integral to sums of products of two-electron integrals by incomplete set insertion, e.g.,

dr1dr2dr3A(r1)B(r2)C(r3) rS
12 r

t
13 A'(r1) B'(r2) C'(r3)

=     dr1dr2 A(r1)B(r2)rs
12 ψi(r1) B'(r2)

×  dr1dr2 ψi(r1)C(r2)rs
12 A'(r1) C'(r2 ), (2)

�
i 
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where {ψi} is an incomplete set. If {ψi} are expanded with flexible basis functions, Eq.(1) may yield 

highly accurate values. The B-splines are suitable for this approximation method.

Our purpose in this work is to formulate many-electron integrals over the B-splines which 

appear in Hylleraas-CI calculations using the approximation method and to check the accuracy 

of the resulting approximated formulas. There are many formulations and calculations of many-

electron integrals. Most of them are for the integrals over the STFs. We check the accuracy of the 

approximated formulas by transforming the B-spline many-electron integrals into the STF integrals. 

This transformation is carried out using the B-spline expansion coefficients of the STFs. This 

accuracy check may be valid because the STFs should be accurately expanded with B-splines.19

Below, Section 2 provides theoretical aspects and the resulting approximated formulas of many-

electron integrals. Section 3 explains computational aspects for the accuracy check. Section 4 

discusses relative errors of the three- and four-electron integral values given from the approximated 

formulas to Ruiz’s results.

2. THEORY

In this section, we present the formulas of approximated three- and four-electron integrals 

which appear in Hylleraas-CI calculations. To drive formulas of the integrals, we define a projection 

operator

p(1)=    | I(1)⟩ ⟨I(1) |  (3)

using orthonormal functions {I}, The function I is written as

I(1) = i(1) YlI

mI(1), (4)

where i is a radial function and YlI

m is the spherical harmonics. Hereafter, the orthogonal functions 

that construct the projection operator p are written by I, J, K, ⋯, and their radial functions are 

written by i, j, k, ⋯. The summation of Eq.(3) is the simple notation as follows:

   ≡           . (5)

The many-electron integrals are transformed by inserting the projection operators p between the 

inter-electronic distances, e.g.,

�
I 

�
I 

N

�
i = 1

∞

�
lI = 0

lI

�
ml = –lI
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⟨ ABC | rs
12 r

t
13 r

u
23 | A'  B'  C' ⟩ = ⟨ ABC | rs

12 p(1)rt
13 p(2)p(3)ru

23 | A'  B'  C' ⟩

=   ⟨ AB | rs
12 | IJ ⟩⟨IC | rt

12 | A'K ⟩⟨JK | ru
12 | B'  C' ⟩. (6)

Here, A, B, C, ⋯ are atomic orbitals, and their radial functions are written by a, b, c, ⋯. All the 

radial functions in Eq.(6) are expanded with the B-splines. We simply write integrals by omitting 

electronic coordinate numbers of atomic orbitals; functions in the bra and the ket are arranged in 

order of the electronic coordinate number:

⟨ ABC | rs
12 r

t
13 r

u
23 | A'  B'  C' ⟩ = ⟨ A(1)B(2)C(3) | rs

12 r
t
13 r

u
23 | A'(1) B'(2) C'(3)⟩. (7)

The three- and four-electron integrals are transformed into sums of products of two-electron 

integrals using the projection operators p. First, we show transformed formulas of three-electron 

integrals. To this end, two projection operators p are inserted between inter-electronic distances. 

After some manipulation, the result is as follows:

⟨ ABC | rs
12 r

t
13 r

u
23 | A'  B'  C' ⟩ =   ⟨ AB | rs

12 | IJ ⟩⟨IC | rt
12 | A'K ⟩⟨JK | ru

12 | B'  C' ⟩

=               (ai, bj)s
k1
(a'i, ck)t

k2
(b'j, c'k)u

k3

×                                      

×                  ck1(lA mA, l1 m) ck1(lA' mA', l1m)

×ck1 (lB' mB', l2 mB – m) ck2(l2 mA + mB – m, lB mB)

×ck2(lC mC, l3 m – mA' + mC) ck3(l3 m – mA' + mC, lC' mC') (8)

with

(ab, cd)k
n =   Dn

ks dr1  dr2 a(r1)b(r1)      c(r2)d(r2), (9)

where is ck (lm, l'm' ) is Condon-Shortley coefficient and Dks is the expansion coefficient of r12. k1max 

is s/2 for even s values, ∞ for odd s values. k2max and k3max are same as k1max. Taking u = 0 yields the 

three-electron integral:

�
IJK

�
IJK

k1max

�
k1 = 0

k2max

�
k2 = 0

k3max

�
k3 = 0

�
ijk

min(k1 + lA, k2 + lA')

�
l1 = max( | k1 – lA | , | k2 – lA' | )

min(k1 + lB, k3 + lB')

�
l2 = max( | k1 – lB | , | k3 – lB' | )

min(k2 + lC, k3 + lC')

�
l3 = max( | k2 – lC | , | k3 – lC' | )

min(l1, l2 + mA + mB, l3 + mA', – mC)

�
m = max(– l1, – l2 + mA + mB, – l3 + mA', – mB)

�
s = 0

n + 1
2

r<
k + 2s

r>
k + 2s – n

n n
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⟨ ABC | rs
12 r

t
13 | A'  B'  C' ⟩  =    ⟨ AB | rs

12 | IB' ⟩⟨IC | rt
12 | A'  C' ⟩

=                 (ai, bb' )s
k1

(a'i, cc' )t
k2

×            ck1(lA' mA', lmA + mB – mB')

×ck1(lmA + mB – mB', lA mA) ck1(lB mB, lB' mB') ck2(lC mC, lC' mC') (10)

Three-electron kinetic integrals are transformed inserting the projection operator p between inter-

electronic distances and the kinetic operator. The resulting formulas are as follows:

⟨ ABC | rs
12 T1 r

t
13 | A'  B'  C' ⟩ =    ⟨ AB | rs

12 | IB'⟩⟨I | T | J ⟩⟨JC | rt
12 | A'  C' ⟩ 

=                        

×    (ai, bb' )s
k1

(i | T | j)l (a'  i, cc' )t
k2

×ck2(lA' mA', lmA + mB – mB') ck1(lmA + mB – mB', lAmA)

×ck1(lBmB, lB' mB')ck2(lCmC, lC' mC') (11)

and

⟨ ABC | rs
12 T2 r

t
13 | A'  B'  C' ⟩  =    ⟨ AB | rs

12 | IJ ⟩⟨J | T | B'  ⟩⟨IC | rt
12 | A'  C' ⟩

=                (ai, jb)s
k1

( j | T | b' )lB'
 (a'  i, cc' )t

k2

×            ck2(lA' mA', lmA + mB – mB')

×ck1(lmA + mB + mB', lAmA)ck1(lB mB, lB' mB') ck2(lCmC, lC' mC'), (12)

�
IJKlB + lB'

�
k1 = | lB – lB' |

lC + lC'

�
k2 = | lC – lC' |

�
ijk

min(k1 + lA, k2 + lA')

�
l = max( | k1 – lA | , | k2 – lA' | )

�
IJK

lB + lB'

�
k1 = | lB – lB' |

lC + lC'

�
k2 = | lC – lC' |

min(k1 + lA, k2 + lA')

�
l = max( | k1 – lA | , | k2 – lA' | )

�
ijk

�
IJ

lB + lB'

�
k1 = | lB – lB' |

lC + lC'

�
k2 = | lC – lC' |

�
ij

min(k1 + lA, k2 + lA')

�
l = max( | k1 – lA |, | k2 – lA' | )
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where T is the kinetic operator:

T = –     +  (13)

and (i | T | j)l is a one-electron kinetic radial integral. Generally, computation of the three-electron 

kinetic integral is laborious. Eqs.(11) and (12) allow for easy and accurate computation of the 

approximated kinetic integral.

Approximated four-electron integrals are also derived in the similar way to the three-electron 

integrals as follows:

⟨ ABCD | rs
12 r

t
13 r

u
34 | A'  B'  C'  D' ⟩  =    ⟨ AB | rs

12 | IB' ⟩⟨IC | rt
12 | A'J⟩⟨JD | ru

12 | C'  D' ⟩

=                     (ai, bb' )s
k1

(a'  i, cj)t
k2

(c'j, dd' )u
k3

×            ck2(lA' mA', l1m1)ck1(l1m1, lAmA)

×             ck2(lCmC, l2m2 )ck3(lC' mC', l2m2 )

×ck1(lBmB, lB' mB')ck3(lD mD, lD' mD') (14)

and

⟨ ABCD | rs
12 r

t
13 r

u
14 | A'  B'  C'  D' ⟩  =    ⟨ AB | rs

12 | IB' ⟩⟨IC | rt
12 | JC' ⟩⟨JD | ru

12 | A'  D' ⟩

=                      (ai, bb' )s
k1

(ij, cc' )t
k2

(a'j, dd' )u
k3

×             ck2(lA' mA', l2mA'  + mD' – mD )

×ck2(l2mA' + mD' – mD, l1mA + mB – mB')

×ck1(l1mA + mB – mB', lAmA) ck1(lBmB, lB' mB')

1
2

d2

dr2
l(l + 1)

2r2

�
IJ

lB + lB'

�
k1 = | lB – lB' |

∞'

�
k2 = 0

lD + lD'

�
k3 = | lD – lD' |

�
ij

min(k1 + lA, k2 + lA')

�
l1 = max( | k1 – lA |, | k2 – lA' | )

min(k2 + lC, k3 + lC')

�
l2 = max( | k2 – lC |, | k3 – lC' | )

�
IJ

lB + lB'

�
k1 = | lB – lB' |

lC + lC'

�
k2 = | lC – lC' |

lD + lD'

�
k3 = | lD – lD' |

�
ij

k1 + lA

�
l1 = | k1 – lA|

k3 + lA'

�
l2 = | k3 – lA' |
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×ck2(lCmC, lC' mC')ck3(lDmD, lD' mD'). (15)

Thus, the three- and four-electron integrals over the B-splines required for the Hylleraas-CI 

method are expressed as sums of products of two-electron integrals.

3. COMPUTATION

A. B-splines

This work calculated all the two-electron integrals Eq.(9) and the one-electron kinetic integrals 

using the B-splines. The atomic radial function P(r) is expanded with the B-splines and enforces 

the boundary conditions P(0) = 0 and P(R) = 0. Since the first and the last terms of the B-splines 

with K-fold multiple knots are nonzero at r = 0 and r = R, respectively, they are removed from the 

basis function to satisfy the boundary conditions. Thus, we obtain N-term B-spline sets. We use the 

following two knot sequences with endpoints of K-fold multiplicity. Several methods that generate 

the knot sequence have been proposed by Gilbert and Bertoncini.20 In atomic calculations, the knot 

sequence that concentrates near the nucleus is required because the atomic orbitals rapidly change 

near the nucleus. Hence, an exponential or a summational knot sequence is suitable for atomic 

calculations. The exponential knot sequence (EKS) is as follows:

R1, R1α, R1a
2, ⋯, R, (16)

where α = (R/R1)
1/(N – K+2), R1 is the initial interval of the knot sequence. The other is as follows:

R1, R1(1 + β ), R1 (1 + β + β2), ⋯, R . (17)

Here, β is the parameter characterizing the distribution of the knots, and is chosen to satisfy the 

following condition:

R = R1 (1 + β + β2 + ⋯ + βN – K + 2)  (β ≥ 1). (18)

This knot sequence is referred to as a ‘summational knot sequence’ (SKS).

In our previous work19, it was shown that the STF can be accurately expanded with a B-spline set. 

A STF can be expanded with an error of ~10–15 in a 100-term B-spline set with K = 15, R = 60 and 

10–4 ≤ R1 ≤ 10–2. This result was obtained for both EKS and SKS. Therefore, the present work used 

the parameters K = 15, R = 60 and R1 = 10–5, 10–4, 10–3, and 10–2.

B. Three- and four-electron integrals

The three- and four-electron integrals obtained from our approximated formulas are compered 

ones given by Ruiz15,17. The three- and four-electron integrals evaluated by Ruiz are as follows:

1. Three-electron integral (EI3)
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⟨ ABC | rs
12 r

t
13 | A'  B'  C' ⟩. (19)

2. Three-electron kinetic integral (EI3K)

⟨ ABC | r12 T1 r13 | A'  B'  C' ⟩. (20)

3. Four-electron integral type 1 (EI41)

⟨ ABCD | r12 r13 r34
–1 | A'  B'  C'  D' ⟩. (21)

4. Four-electron integral type 2 (EI42)

⟨ ABCD | r12 r13 r14
–1 | A'  B'  C'  D' ⟩. (22)

Here, A, B, C, and D are STFs with exponential parameters ζ, e.g., 

A ≡ ri
ni – 1 e–ζiri Yli

mi(θ, φ). (23)

The exponential parameter of A'  is written by ζi' . We define ωi ≡ ζi + ζi' . In this work, the radial part of 

STFs is expanded with the B-spline set as follows:

rne–ζr ≈   Ci
n,ζ Bi,K (r), (24)

where Ci
n,ζ are linear expansion coefficients. Ci

n,ζ were determined by solving the system of linear 

equations:

     drBi,K(r)Bj,K(r) Cj
n,ζ =  drBi,K(r)rne– ζr,  (i = 2, ⋯, N + 1). (25)

All the integrals were calculated by the Gauss integration procedure. The radial functions that 

construct the projection operator p were the functions obtained by dividing the eigenfunctions of the 

overlap matrix S by the square root of its eigenvalues; the matrix element of S is 

(S)i – 1, j – 1 =  drBi,K(r) Bj,K(r),  (i, j = 2, ⋯, N + 1). (26)

4. RESULTS AND DISCUSSION

In Section 2, we showed the approximated many-electron integral formulas with B-splines which 

appear in Hylleraas-CI calculations. The approximated many-electron integrals require radial two-

electron integrals (ai, bj)λ
s, (ab, ij)λ

s, and (ai, bc)λ
s. These radial two-electron integrals must be 

stored. The remarkable feature of this work is that the approximated three-electron kinetic integrals 

were obtained. The computational formulas of three-electron kinetic integrals over B-splines are very 

complicated. This work transformed a three-electron kinetic integral into sums of products of two-

electron integrals and a one-electron kinetic integral. Hence, three-electron kinetic integrals can be 

N + 1

�
i = 2

N + 1

�
j = 2

R

0

R

0

R

0
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easily computed by our formulas.

Table 1 summarizes averaged relative errors of our EI3, EI3K, EI41, and EI42 values to the Ruiz’s 

values15,17. Only the error in the EI3K value of the charge distribution (3d13d1, 2p12p1" , 3d13d1" ) 

is very large. This value given by Ruiz is probably incorrect. The averaged relative errors of EI3K 

were calculated excluding this value. It should be noted that the errors arise not only from the 

construction of the projection operator p, but also from the approximation of the STFs. The averaged 

relative errors are large at R1 = 10–5 for both EKS and SKS. The averaged relative error depends on R1 

and is larger for smaller R1 value. This is because a knot sequence with small R1 value is concentrated 

near the nucleus and sparse away from the nucleus. The present comparison shows that the B-spline 

set on the SKS with R1 = 10–2 and R = 60 causes small relative errors (~10–14). Since the error of 

approximation using the B-splines of STFs is ~10–15, the approximation using the B-splines of the 

projection operator p is accurate.

Table 1. Averaged relative errors of EI3, EI3K, EI41, and EI42 to Ruiz’s values.

R1 10–5 10–4 10–3 10–2

EI3

EKS 8.55E-12 3.39E-13 3.67E-14 5.04E-14

SKS 4.99E-13 6.19E-14 2.57E-14 1.54E-14

EI3K

EKS 5.23E-12 3.57E-14 4.45E-14 6.55E-14

SKS 4.44E-14 5.98E-14 3.21E-14 2.50E-14

EI41

EKS 3.61E-12 1.60E-13 3.96E-14 4.07E-14

SKS 1.97E-13 4.88E-14 3.26E-14 2.11E-14

EI42

EKS 3.93E-12 1.68E-13 4.52E-14 4.70E-14

SKS 2.15E-13 3.35E-14 2.79E-14 2.10E-14

Tables 2, 3, 4, and 5 respectively summarize EI3, EI3K, EI41, and EI42 values together with 

Ruiz’s values. Our integrals are calculated using the EKS with R1 = 10–3  and the SKS with R1=10–2. 

These knot sequences give results with small errors. Above mentioned, the EI3K value of the charge 

distribution (3d13d1, 2p12p1" , 3d13d1" ) given by Ruiz is probably incorrect. The other integrals 

are in good agreement with our integrals. In Ruiz’s EI41 and EI42 tables, the charge distribution 

(3d–2 3f0, 4f14d–1, 4d1 4d"–1, 4d"–24f0" ) is incorrect for (3d–23d0, 4f1 4f–1, 4d1 4d"–1, 4d"–2 4f0"). 
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There is the other approximation of three-electron integrals. It is method that constructed by sums 

of products of two-electron kinetic integrals and two-electron integrals:

⟨ ABC | rs
12 T1 r

t
13 | A'  B'  C' ⟩  =    ⟨ AB | rs

12 | IB' ⟩⟨IC│T1 r
t
12│A'  C' ⟩. (27)

This approximated formula requires the two-electron kinetic integrals. Eq.(27) may be calculated 

more accurate than Eq.(11).
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