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Abstract
The super-CI Hamiltonian matrix elements in calculations of the positron-electron correlated
Hartree-Fock (pec-HF) wavefunction are presented. The pec-HF wavefunction is the configuration
interaction one which corresponds to a diatomic molecular Hartree-Fock wave function, and it is
presented in our previous work [Chukyo Univ. Bull. Sch. Int. Liberal Studies 12 (2), 27 (2020)]. The

super-CI Hamiltonian matrix elements are evaluated by the second quantization technique.

In our previous work', we considered diatomic molecule-like configuration interaction (CI) wave
functions of positronium-atom complexes. Our simplest wavefunction is the positron-electron
correlated Hartree-Fock (pec-HF) one. The pec-HF wavefunction corresponds to a diatomic
molecular Hartree-Fock one, and it is written as

Y= (1+T)d,. )
d, is a wave function consisted of occupied orbitals obtained by variationally optimizing the total
energy:

Do = Pe(ro)Alxa(r)xp(ra) -+ xn(rn)l, @
where 1/15 and {Xa} are respectively positronic and electronic spin orbitals, and A is the
antisymmetrizer. The positron is signified by 0, and the electrons by 1,23, --- . The operator T2+ is the
positron-electron pair excitation operator
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y and QAg are respectively electronic creation and annihilation operators, b:,r and bg are

where g

respectively positronic creation and annihilation operators, and {C g ar } are linear coefficients which
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should be decided variationally. We employ the following convention for orbital indexes:

(i) &: the occupied positronic orbital,

(ii) a, b, ¢, d, -~ : occupied electronic orbitals,

(iii) r, s, t u, -~ : virtual electronic orbitals,

(iv) p, 0,7, , - : virtual positronic orbitals,
and

V) i, j, k 1, - : arbitrary orbitals.

To obtain pec-HF wavefunctions, one must variationally optimize both the linear coefficients
{C ; ar } and the occupied orbitals. To this end, it is possible to apply procedures of multiconfiguration
self-consistent field (MCSCF") calculations. MCSCEF calculations can be carried out by three methods:
(i) those that solve Hartree-Fock like equations; (ii) those that minimize the total energy directly by
gradient techniques; and (iii) those based on the generalized Brillouin theorem?®. This work employs
the method based on the generalized Brillouin theorem.

The generalized Brillouin theorem for W is

(PIHIW(E =) =0, @
where H is the Hamiltonian, and W(i—j) stands for one electron or one positron excited
wavefunctions from occupied orbitals of W. The generalized Brillouin theorem is applied in order
to obtain W from an arbitrary trial function W'. It may be suitable to employ W' with @&, which is a

Hartree-Fock wavefunction. W is decided iteratively. The iterative procedure is the following steps:

(i) The linear coefficients {C ; ‘: } are obtained by the standard variation procedure.

(ii) The linear coefficients {Dsf } {D&}, and {D} are obtained from the super-CI wavefunction®:

Wyo = W+ZD§LP§ +ZDglpg +ZD§W§ )
? ca or
with
W =bibw, (6)
Yo =ala. ¥, )
and
Y =qala W )

(iii) New sets of a positronic orbital l/Jé and electronic orbitals {)(('1} are obtained from

Ye = Ps +ZDgill)i )
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and
x{z=)(a+ZDéxi, (a0
(iv) These procedures are repeated until the desired convergence is obtained.
The super-CI wavefunction Wy, is solved by the variational procedure. In this work, we evaluate the
matrix elements of (Wsc|H |Wscp). The Hamiltonian matrix elements required are as follows:
(PIFH]P),
(Welae]w), (weloe]we),
(Welr1w), (Pef3|Pe), (welae|wg),
(WEIH W), (WE|FH|WE), (W70 |WE), (PLIFIWY).
Let us evaluate the Hamiltonian matrix elements between the super-CI wavefunctions. The non-

relativistic Hamiltonian for positronium-atom complexes is written as

}[zzh(iH%Z b = ) it (a1
i=1 i=1

ij=1
with
. 1 1
h(i) = _EAL'_ZTL' (12)
and
1
ho(0) = = g+ 71", (13)

where Z is the nuclear charge, and 1;; = |Ti -1 | We introduce the following notation for one-body

and two-body integrals which appear in the Hamiltonian matrix elements:

(i) = [ dry xR ), a4

(¢lhclw) = [ drgw; o @), ()

Gj1k) = [[ dridroxi (e ron ), a6)

(iloj) = || drodrap o i, oz ). an
and

Gjllkl) = f drydry ! ()X )T A e )2 (ra) (18)
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where A,,=1 — P, , and P,, is the permutation operator of indexes 1 and 2. Below, this operator is
also used for the permutation of orbital indexes.
The Hamiltonian matrix elements are evaluated using the second quantized Hamiltonian:

H = Z(Llhl])a a +- Z(Ulkl)a a; a,ay

ijkl

+Z(l|h b}, —Z(Ulkl)b atbea, a9

ijkl

Moreover, we rewrite the Hamiltonian to the normal product form relative to the Fermi vacuum @ :

H = Z(Llhl]){a a]}+ Z(l}lkl){aTaTalak}+Z(la||]a) {a a]}

ijkl aij
+Z(l|h N(BIb} = D (i1t {b] b Hal )
ijkl
- ) (ialja) (b]b) - Z(lefj){a @)
aij
1
+Z(alh|a)+52b:(abllab)+(f|h+|€>—z<€a|s‘a), 20)

where curly brackets stand for the normal product relative to the Fermi vacuum ®,. The generalized
Wick’s theorem® simplifies evaluation of the Hamiltonian matrix elements because only normal
products with fully contracted terms survive™ . For example, a matrix element of a normal product
one-body operator
_ iy (ot
by = ) (ilhl)) {afa) o
i

between two determinants @} and @} singly excited from the Fermi vacuum & is

(@Llhy|®3) = ) 1Al (@ [{ala, }{af o Hala,}|o)
i

1

=11 |
= Z(ilhlf) (‘D|[ﬂlar]{ﬂ3ﬂj][a;rﬂb} + [aiami*a;}[alab]ldﬂ

D IR (©]=848,581 + 8a8,1855|0)
i

- rs{blhla} + 6ab(r|h|3> .

(22)
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A matrix element of a normal product two-body operator can be evaluated in the same way though it
is very tedious work.

Below, the resulting Hamiltonian matrix elements are listed:

1
(PIHIW) = > (elhle) +5 D (efllef) + (Elhi1§) = > (Felée)
e ef e

ZZ CEEblosy = > cfriprisa)

a pr

ZZZCPT abOrs 5PJZ(eIh|e)+%6p0;(ef||ef>

ab pr os

+ (plhslo) = D (peloe)
+ 8 <6pg<r|h|s> + 85 ) (rellse) - <pr|as>>

s (6pg<b|h|a> + 8,5 ) (bellac) - <pb|oa>> + 8pobriisa)].
¢ (23)

(PE|2€]9) = (el 1) = ) (relge)

+ zb: Z s [5,0 ((blhls) + Z(bellse)) - (Tblas)] , 24)

(E|o¢]g) = 6e, Z<e|h|e>+ z<ef||ef) + (elh, o) - Z<re|we> ©25)
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(HIW) = > Chriprise)

a pr

_ZZZCPT S[gbc TS( pJZ(eIhIe)+ 5po'z<ef”ef)
b pr os

+(plh|o) —Z(pelae)>

+ 6pc <5pa<thI5) + 6,0 Z(rellse) - (prIJS)>

Ors <6p0'(b|hlc) + 5paz<b6|lce) - (pb|00)> + 5pg(br||56)‘ :

(26)
(we|re|we) = Z ¢t [% ((rlhlc) + Z(rellce)) - (prlwc)] ,
€ @27
1
(welpelwg) = > > ctreg lacdam <6p62(e|h|e) +360 ) (efllef) + (plh,lo)
pr os e ef
- Z<pe|ae>> + 8o (5,,,,<r|h|s> + 80 ) (rellse) - <pr|as>>
6 <6pg<d|h|c> + 850 ) (dellce) - <pd|oc>) + 5pa<dr||sc>] ,
‘ 28)
(PICIP) = (elhle) + ) (eellce) — (5tlge)
+y s l&t«’bwc) = 8,c(§t15) + Byl ((E|h+la) - Z(Eelaw)l
b os e
F DN L CE (0 (AreBetrblica) + AgeBap(rtlisc))
ab pr os
+ AacArtSapOrs <5pa(t|hlc) + 6p0 Z(tellce) - (Pt|0C)>l , 29)
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(el we) = ~(gtlwe) + > cartrelac) o)
a T
(welpews) = =) cg [ssxfdwc) — 6.a(§t105) + 8.0 ((flh+ o) - Z(&ewe))l
oS e
DN [6,30(An65t<rduca> + AgeBag(rellsc))
a pr os

+ AacArt5ad5rs <5pa<t|hlc) + 5po Z(tellce) - (Pt|00)>] ) BD

(WEIFWE) = —(tdluc) + 6, <<t|h|u> + Z(tenue) - (ftls‘u>>
~ b <<d|h|c> + Z(deucw - <fd|fc>>
+ Sabs| ) elhle) 2 efllef) + (IR, 1) — > (Gelée)
- % -
= 0. 2. OB aAacdulEdion = .l Aucribuabrapl€)

a pr

F DD CEC |~ BpoAnaAsudanbysledluc)

ab pr os

+ AucApaAsubapOrubse <6pa<d|hlc) + 5pa z<dellce) - (Pd|00)>
e
+ AbdAsuArtdab(Scd(Srs <5pa<t|h|u> + Spo Z(te”ue> - (Pt|0u)>
e
1
+ AngAsuBanOeaBrsBuu| 8o ) elhle) + 855 > (efllef)
e ef

+(plhilo) = ) (peloe)
¢ (32)
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As seen in Egs. (23)—(32), the super-CI Hamiltonian matrix elements are expressed in long linear
combinations of various integrals. However, Eqs. (23)—(32) are written as short as possible with the
aid of the operator A,,.

We are preparing test calculations of the pec-HF wavefunction using the generalized Brillouin

theorem.
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